Abstract. We investigate the consequences of one extra spatial dimension for the stability and energy spectrum of the non-relativistic hydrogen atom with a potential defined by Gauss' law, i.e. proportional to 1/|x| 2 . The additional spatial dimension is considered to be either infinite or curled-up in a circle of radius R. In both cases, the energy spectrum is bounded from below for charges smaller than the same critical value and unbounded from below otherwise. As a consequence of compactification, negative energy eigenstates appear: if R is smaller than a quarter of the Bohr radius, the corresponding Hamiltonian possesses an infinite number of bound states with minimal energy extending at least to the ground state of the hydrogen atom.
Introduction
String theory, predicting the existence of extra dimensions, has stimulated the study of higher-dimensional models, which often provide a deeper insight into 3-dimensional physics. Surprisingly, in spite of many years of research, a question of what happens to ordinary atoms when more than the usual three dimensions are considered seems not fully answered.
Many existing works deal with a general case of d-dimensional hydrogen atoms with the potential proportional to 1/|x|, irrespective of the number of spatial dimensions. A system defined in this way is indeed stable and one can derive wave functions and their respective eigenenergies, see e.g. [1, 2, 3, 4, 5, 6] .
However, as it has been pointed out e.g. in [7, 8, 9, 10, 11, 12] or recently in [13] , a more physically relevant potential is the solution of Maxwell's equations for a point charge in the d-dimensional space. In details, V d (|x|) ∼ |x| 2−d and the corresponding Schrödinger equation reads
where e d is a d-dimensional charge. Questions on stability and the influence of extra dimensions on energy spectra for this potential seem still open. Intuitively, an instability, or the unboundedness of the energy spectrum from below, could be viewed as a fall of the electron on the nucleus, cf. [14, p. 116] or [15] . In this regard it has only been formally shown that there is no stable hydrogen atom in spaces where the additional dimensions are of infinite extent [8, 10, 9] . Nonetheless, it is natural to ask what happens if the extra dimensions are compactified. This work fills the gap by delivering rigorous results for the cases of both a compactified and a non-compactified extra dimension. We focus on spaces with one extra spatial dimension, which, among higher dimensional spaces, require a special treatment since the potential can be merged with the centrifugal term arising from the radial reduction of the central potential. In other words, because of the absence of a characteristic length, a procedure leading to dimensionless quantities, which works in the treatment of the radial equation for d = 4, cannot be used here [9, 10] .
First, we consider the extra dimension to be non-compactified, i.e. we treat it equally with the other three dimensions. Recalling standard tools of functional analysis, it is showed that for Z ∈ [0, 1), where Z := 2me R 4 , i.e. the critical value Z = 1, cf. Thms. 3 and 4. Results on essential spectrum and existence of an infinite number of negative eigenvalues are presented in Thms. 5 and 6.
The method of images, cf. Section 4.1, provides a potential V circ , cf. (40), with the desired behaviour: V circ ∼ 1/|x| 2 close to the charge, i.e. it corresponds to the potential in R 4 , and the usual 3-dimensional behaviour 1/r is restored far from the charge. The resulting relation e 2 4 = 2Re 2 3 between the three-and fourdimensional charges and the stability results, cf. Section 4, imply the existence of a critical compactification radius (of the order of the Bohr radius a 0 )
above which the system becomes instable. As a corollary of Thm. 6, for R < R crit , the corresponding Hamiltonian possesses an infinite number of bound states. Furthermore, the minimal energy extends at least to the ground state energy of the hydrogen atom, cf. Cor. 8. Because R crit was found to be of the order of the Bohr radius, we did not obtain a stronger constraint on models involving one extra dimension, as the latest calculations based on the LHC data, cf. [17] and also [18, 19, 20] , give the value of about 10 −18 m as the upper bound. In more detail, the lower bound on the compactification scale R −1 obtained at 3σ and coming from the LEP collider precision electroweak tests is about R −1 > 260GeV. The CMS data give a bound R −1 > 720GeV at 95% confidence level. Recently, calculations based on the LHC data on the Higgs boson decay gave an even better constraint of R −1 > 1.3TeV at 95% C.L. This corresponds to the radius of 9.5 × 10 −19 m which is much more restrictive than (2). Stronger theoretical constraints may be obtained by calculating corrections to the spectrum and comparing it to the hydrogen atom. An attempt of this type of calculations can be found in [21] , however, only a different, simplified form of the potential than that corresponding to an extra compactified dimension, is treated eventually. Perturbative calculations of the shifts of bound state energies due to the presence of an extra compactified dimension will be subject to a separate article [22] .
From the mathematical point of view, the essential tools for addressing the stability issue are the Hardy inequality, cf. [23] , [24 [26, 27] . The former can be viewed as a control of the potential energy by the kinetic energy. The latter (an analog of the Kato-Rellich theorem [25, Thm. X.12] for forms) allows to add small (in a certain sense) perturbations to a self-adjoint operator while preserving self-adjointness and semi-boundedness. For Z ∈ [0, 1), the combination of these results yields the self-adjoint and non-negative Hamiltonian; as explained in Section 3.1, the compactified case can be treated analogously, cf. Thm. 3. The definition of a self-adjoint Hamiltonian for Z > 1 is more complicated since KLMN theorem is no longer applicable (the perturbation is not small). Nonetheless, we construct suitable trial functions and show that any corresponding self-adjoint Hamiltonian has the spectrum unbounded below, cf. Thms. 2 and 4. In the compactified and stable case, the existence of the infinite number of boundstates is obtained by a straightforward adaptation of the standard result [ The following notation is used: Ω = R 3 × (−πR, πR) is the compactified configuration space after the parametrization (of S 1 ), B ρ (x 0 ) := {x ∈ R 4 : |x 0 − x| < ρ} is the ball around x 0 ∈ R 4 with radius ρ, W k,p (Ω) are Sobolev spaces and · W k,p the corresponding norms, e.g. ψ 2 W 1,2 = ∇ψ 2 + ψ 2 , and the Euclidean norm in C n is denoted by | · |.
Extra dimension of an infinite extent
First, we review the case of an extra dimension which is infinitely extended. The Hamiltonian for a closed system of two non-relativistic point masses interacting via a central force is
, where e 4 is the four-dimensional charge (whose unit is energy 1/2 × length) and the potential V is the general solution of Poisson's equation for a point charge in 4 dimensions, i.e. V (x) = −1/|x| 2 . To simplify all formulas in the sequel, we define a dimensionless parameter Z := 2me 2.1. Stability for weak charges: application of the Hardy inequality. We recall how to introduce the Hamiltonian in a mathematically correct way in the Hilbert space L 2 (R 4 ). Although this approach might seem to be quite meticulous, the usage of the correct framework provides an immediate answer to the question of semi-boundedness of the spectrum of H. Moreover, it enables us to analyze the more complicated case with a compactified extra dimension.
We start from the free (self-adjoint and non-negative) Hamiltonian
We consider V as a perturbation of H 0 in a suitable sense, namely as a relatively form-bounded perturbation. 
while V (x) = −|x| −2 is associated with
The classical Hardy inequality [23] reads (for d ≥ 3)
Using the notation for quadratic forms, we get in our case, i.e. d = 4, that
This inequality means that the form v is relatively bounded w.r.t. h 0 with the bound 1 and it is the cornerstone of the definition of the Hamiltonian for Z ∈ [0, 1 
is symmetric, closed, and bounded from below, hence associated with unique self-adjoint, bounded from below operator H that represents our Hamiltonian. In fact, having inequality (7), we conclude that spectrum of H is non-negative.
Since the potential decays at infinity, using a standard argument based on construction of suitable singular sequences (regularized plane waves), it follows that σ(H) = σ ess (H) = [0, +∞); for more details see e.g. the proof of Thm. 5, dealing with an analogous problem. In other words, the spectrum of H is the same as that of H 0 , i.e. consisting of a branch of the continuous one without any negative eigenvalues.
Formally, we can sum up the facts above into the following statement:
. Then H := −∆ + ZV , defined as a sum of forms, is self-adjoint and non-negative. Moreover, σ(H) = σ ess (H) = [0, +∞).
In the border case Z = 1, we can start with a symmetric Hamiltonian H min , cf. (9) , that is non-negative due to Hardy inequality. Hence the Friedrichs extension, cf. [25, Thm. X.23] or [30, Thm. 4.6.11] for instance, is non-negative and thus represent a suitable Hamiltonian. The case Z < 0 (repulsive interaction) is even simpler, the spectral result is the same as in Thm.1.
2.2.
Instability for strong charges. The instability of the Hamiltonian for Z > 1 can be explained with the help of facts related to the Hardy inequality. Before giving the details, we remark that there is a complication already in the definition of a self-adjoint Hamiltonian since, unlike in the Z < 1 case, the forms approach and KLMN theorem are not applicable. It is well-known, cf. [25, Sec. X.2], [31] , that we have an infinite number of self-adjoint operators that extend a natural minimal (only symmetric) operator
Therefore, in order to establish the instability, we have to show that any of these possible Hamiltonians has spectrum unbounded from below. We provide a more abstract argument first and then we briefly recall the explanation due to Krall, cf. [31] , suitable for extensions allowing separation of variables (in spherical coordinates).
Theorem 2. Let Z > 1 and let H sa be any self-adjoint extension of operator H min defined in (9). Then the spectrum of H sa is unbounded from below (and from above).
Proof. We use the fact that there exists an optimizing sequence of functions {ψ n } ⊂ W 1,2 (R 4 ) for the Hardy inequality (6). Let 0 < δ < 1/2, and let η ∈ C ∞ 0 (R) be such that 0 ≤ η ≤ 1, η ≡ 1 for (−δ, δ) and supp η ⊂ (−3δ/2, 3δ/2). We define a sequence of functions
Cor. VIII.6.4], we can construct, using a standard diagonal scheme argument, a sequence of functions
Moreover, from the Hardy inequality (6), we get:
The concluding part of the proof consists of a couple of inequalities. All constants C i are positive real numbers. Firstly, it is easy to verify that the normalization of ψ n is bounded as follows:
Further, for all n ∈ N we have
where C Θ comes from integrating over angular coordinates. Finally, taking, as a lower bound, the integral over (0, δ) in the radial part, we easily obtain
We are now ready to analyze the infimum of the spectrum of H sa . Since ϕ n ∈ Dom(H min ) ⊂ Dom(H sa ), the integration by parts yields
In the next steps, we approximate ϕ n by ψ n . At first, using |a − b| ≥ |a| − |b|, Young inequality (with setting ε = 1/2 eventually), (11) and (13), we obtain
Next, using again triangle, Young inequalities, |a − b| ≥ |a| − |b|, (11), (12) and (14), we get
In the last step, we combine (17) and (18) and we obtain
Hence, the spectrum of any self-adjoint extension H sa of H min is unbounded from below.
where L 2 (3) is the square of the angular momentum operator on a 3-sphere, see e.g. [16] for details. Due to spherical symmetry of the potential, we can separate variables by making the Ansatz ψ(x) = R(ρ)Y (3) (φ 1 , φ 2 , φ 3 ), and thus obtain the radial operator acting in L 2 ((0, ∞), ρ 3 dρ):
The usual transformation R(ρ) → ρ −3/2R (ρ) yields the final radial operator in L 2 ((0, ∞), dρ):
where γ = Z − 3/4 − l(l + 2), which is exactly the form of Hamiltonian studied in [33] and particularly in [31] for γ > 1/4, i.e. Z > 1 if l = 0. A one parameter family of self-adjoint operators H α (possible Hamiltonians) having the same action as H rad min when restricted to C ∞ 0 (R + ) functions is found there; the parameter α enters the generalized boundary conditions at 0 that describe the domain of H α . The spectrum of any H α contains continuous branch [0, +∞) and negative eigenvalues having accumulation points at 0 and at −∞, moreover, the algebraic eigenvalue equation, where α enters as a parameter, is known, cf. [31] .
Compactified extra dimension
We consider a configuration space with the ordinary three extended spatial dimensions (x 1 , x 2 , x 3 ) ∈ R 3 and one extra compactified dimension x 4 with the topology of a circle with radius R, i.e. R 3 × S 1 . Parameterizing S 1 , we obtain the configuration space Ω = R 3 × (−πR, πR) and the Hamiltonian H = −∆ + ZV in L 2 (Ω) with periodic boundary conditions at (x 1 , x 2 , x 3 , ±πR) in the domain. We address the question of stability for Hamiltonians with the potential:
The motivation for this choice of configuration space will become clear in Section 4 where the particular form of W will be derived.
3.1. Stability and instability. As in Section 2.1, we will treat the problem by introducing quadratic forms corresponding to our operators. The kinetic part H 0 := −∆ is associated with the form
while V having the form (23) is associated with
Theorem 3. Let V be given by (23) . Then, for all ψ ∈ W 1,2 (Ω) and all ε > 0,
where C(ε) > 0 is independent of ψ. Hence, if Z ∈ [0, 1), then H := −∆ + ZV , defined as a sum of forms, is self-adjoint and bounded from below.
Proof. Let ξ ∈ C ∞ 0 (Ω), where 0 ≤ ξ ≤ 1 and ξ ≡ 1 for x ∈ B R−δ (0), where δ > 0, i.e. in a ball with radius R − δ around the singularity. Then
with arbitrary positive ε. The last inequality on the first line is due to the Hardy inequality (6) and the fact that ξψ ∈ W 1,2 (R 4 ). The inequality on the second line is due to the triangle and the Young inequality. Now, multiplying both sides of (26) by Z, we get using the notation for quadratic forms:
If Z ∈ [0, 1), then Zv is relatively bounded w.r.t. h 0 with bound Z ∈ [0, 1), because ε is an arbitrary positive number. Hence, we can apply the KLMN theorem yielding the claim.
Let us note that the conclusion on the stability is valid also for a finite number of singularities of the type 1/|x| 2 , i.e.
The function W may not be bounded, for instance, a relative form-boudedness with respect to h 0 with bound 0 is sufficient. Also, the stability result remains unchanged if we replace the periodic boundary conditions by Dirichlet, Neumann or Robin ones. Moreover, the proof can be extended to any sufficiently regular domain Ω in a standard way.
For Z > 1, the system is not stable, as in the uncompactified case, cf. Thm. 2. Again, we start with a symmetric minimal operator
and deal with its self-adjoint extensions.
Theorem 4. Let Z > 1 and let H sa be any self-adjoint extension of a symmetric operator H min defined in (29) . Then the spectrum of H sa is unbounded from below (and from above).
Proof. The sequence ϕ n of trial functions from the proof of Thm. 2 was intentionally constructed in such a way that supp ϕ n ⊂ (B 2δ {0}) with arbitrary δ > 0, hence we can use it also in Ω. So it follows that, for Z > 1, the spectrum of H sa is unbounded from below. Proof. Since the potential V decays at infinity, the interval [0, +∞) belongs to σ ess (H) as it can be seen from Weyl criterion, cf. 
where
with some ϕ ∈ C ∞ 0 (R 3 + ) and ϕ = 1. Functions ϕ n and ψ n satisfy supp ϕ n ⊂ Ω n , where Ω n := (n, +∞) 3 × (−πR, πR), and
Moreover, using the first representation theorem [29, Thm. VI.2.1] part iii), cf. Thm. A.1 in Appendix, we show that ψ n ∈ Dom(H). Clearly, ψ n ∈ Dom(h) = Dom(h 0 ), cf. (24) . Taking an arbitrary ϕ ∈ Dom(h) and integrating by parts, we obtain h(ϕ, ψ n ) = ∇ϕ, ∇ψ n +Zv(ϕ, ψ n ) = ϕ, −∆ψ n +ZV ψ n . Since −∆ψ n −ZV ψ n ∈ L 2 (Ω), we get (by the first representation theorem) that ψ n ∈ Dom(H) . Finally, a direct computation gives
which implies, using (32),
Hence 
Since 
where the last inequality follows from the estimate h
3.3. Negative eigenvalues. Unlike the case of the infinitely extended extra dimension, cf. Thm. 1, H may posses an infinite number of bound states.
Theorem 6. Let Z ∈ (0, 1), V be given by (23) and satisfying
for some a, ε, ρ 0 > 0. Then the negative spectrum of H = −∆ + ZV , defined as a sum of forms, consists of an infinite number of eigenvalues.
Proof. The claim follows from a simple and straightforward adaptation of the proof of [28, Thm. XIII.6] . Take a non-negative function φ ∈ C ∞ 0 (R 3 ) with supp φ ⊂ {x ∈ R 3 : 1 < r < 2}, where
, and
. Hence, ψ ρ = 1, supp ψ ρ ⊂ {x ∈ Ω : ρ < r < 2ρ}. Clearly ψ ρ ∈ Dom(h) and, similarly as in the proof of Thm. 5, it can be verified that ψ ρ ∈ Dom(H). Moreover, for ρ > ρ 0 ,
where the last expression is negative for large ρ. Taking a sequence {ρ n } n such that ψ ρn have disjoint supports, we obtain an orthonormal sequence of trial functions for which ψ ρn , Hψ ρn < 0 and ψ ρn , Hψ ρm = 0 if n = m. 
Hamiltonian of circular compactification
We derive a particular potential V circ corresponding to two charged particles in a space with circularly compactified extra dimension and apply previous stability and spectral results; the latter yields a critical compactification radius R crit . Finally, we obtain an upper bound for the ground state energy of the corresponding Hamiltonian H circ .
4.1.
Method of images and stability. The potential V circ is obtained from the so-called method of images, cf. [16] for further details. The method consists in expanding, or "unrolling", the compactified dimension to get an infinite periodic space which repeats itself with the period of 2πR, where R is the radius of the compactified dimension. In this way we get an infinite "chain" of systems periodically spaced along the extra dimension. If we again denote (x 1 , x 2 , x 3 ) := r coordinates in the extended 3-dimensional space and x 4 the coordinate along the compactified dimension (now unrolled), we have, instead of the potential of a single charge, the potential of a "chain" of charges placed at points ( 0, 0), ( 0, 2πR), ( 0, 4πR), etc. Hence, we calculate the overall potential simply by summing up the four-dimensional potentials −1/|x| 2 , cf. (1):
where the equality can be showed with the help of the residue theorem, cf. [16, appendix C]. For r ≪ R and x 4 ≪ R, V circ ∼ −1/(r 2 + x 2 4 ), so, close to the charge, V circ behaves as in the uncompactified case. On the other hand, for r large, V circ ∼ −1/(2rR), i.e. the usual three-dimensional behaviour is restored. By comparing potential energies, i.e. −e 
Hence, the parameter Z is expressed by means of the Bohr radius a 0 = 2 /me
Combining the latter and Thms. 3, 4, we determine the critial radius R crit = a 0 /4 above which the system becomes instable:
Corollary 7. The potential V circ , defined in (40), satisfies (23) with W (x) → 0 as |x| → +∞. Hence, for R ∈ (0, R crit ), the corresponding Hamiltonian
defined as a sum of forms, is bounded from below and σ ess (H circ ) = [0, +∞). For R > R crit , any self-adjoint extension of a symmetric minimal operator H min , defined in (29) with V = V circ , has spectrum unbounded from below (and above).
Proof. We need to verify the assumptions of Thms. 
Simple estimates show that W is bounded: 
where N ∈ N, l ∈ {0, 1, . . . N − 1}, m ∈ {−l . . . l} and C N lm are normalization constants, become suitable trial functions for negative spectrum of H circ . For instance, they can be used to obtain an alternative proof of the existence of the infinite number of negative eigenvalues of H circ . For our purposes, we use φ 100 to find an upper bound for the ground state energy of H circ .
Corollary 8. Let R ∈ (0, R crit ) and let H circ be as in Cor. 7. Then the negative spectrum of H circ consists of an infinite number of eigenvalues and min σ( 
where the last step follows from the fact that φ 100 is the ground state of 3-dimensional hydrogen. Using a 0 = 2 /me 2 3 , we finally obtain 
